Tautochrone in the damped cycloidal pendulum 

(Tautochrone no pendulo cicloidal amortecida) 
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The tautochrone on a cycloid curve is usually considered without drag force. In this work, we investigate the 
motion of a damped cycloidal pendulum under presence of a drag force. Using the Lagrange formulation, and 
considering linear dependence with velocity for damping force, we found the dynamics of the system to remain 
tautochrone. This dictates the possibility for studying the tautochrone experimentally, e.g. the cycloidal pendulum 
in water or oil. 
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A tautocrona em uma curva cicloide geralmente ocorre sem forga de arrasto, o objetivo deste estudo foi pesquisar 
se a tautocrona em um pendulo cicloidal se mantem na presenga de uma forga de arrasto linear, com a velocidade. 
Para isto foi utilizada a formulagao de Lagrange. Constatamos que a tautocrona se mantem, mas apenas no caso 
em que o pendulo cicloidal se comporta como um oscilador harmonico amortecido. Os resultados deste trabalho 
oferecem possibilidades de observagao da tautocrona em sala de aula com laboratorio, por exemplo, o pendulo 
cicloidal em agua ou oleo. 

Palavras-chave: tautocrona, pendulo cicloidal, oscilador harmonico amortecido, forga de arrasto. 
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The cycloid has received much attention due to its 
^Mathematical and physical properties, which offers 
O^nany pedagogical benefit. There are two well known 
g^hysical properties: the brachistochrone and the tau- 
<^ochrone m- The brachistochrone is the curve upon 
Jf^hich the motion of a particle between two points in 
^ vertical plane lasts the shortest time, i.e. A —)• O in 
.-^iglU The tautochrone is the curve upon which it takes 
particle the same time to go from any point to the 
^west point on the curve, e.g. A —>■ O or i? —)• O in Fig(TJ 



It is generally accepted that the tautochrone only oc¬ 
curs for the frictionless motion of a particle through a 
cycloid track or a cycloidal pendulum. In this paper we 
proof that this is false. In the following section we dis¬ 
cuss the tautochrone in a cycloidal pendulum with drag 
force, trough a simple Lagrangian analysis. 


Fig. 1: Cycloidal pendulum: a particle with mass m tied 
to a string of length 4R oscillate on a cycloid with ge¬ 
nerator circle of ratio R. 
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2. Motion under damping force is al¬ 
so tautochrone 

Consider the cycloidal pendulum shown in Fig{TJ In 
this inertial frame the particle has a motion through the 
cycloid, so that its parametric equations are 

X = i? (0 — TT — sin0) (1) 

and 

y = R{1 + cos 6) (2) 

with 0 < 0 < 27r. The arc length is s = —4i?cos thus 
s > 0 for 0 > vr and s < 0 for 0 < tt. 


From Fig [U the potential energy of particle is Ep = 
mgy. According to Eq.([3]) it also can be written as 


where k = 


Ep — 



( 3 ) 


The Lagrangian of system is 


L = -ms^ - ks^ 

2 2 


( 4 ) 


and the Lagrange’s motion equation with drag force 
= —bsuT is 


d (dL\ dL 
dt \ds ) ds 


( 5 ) 


where the generalized coordinate is the arc length s and 
ut is a unit vector tangent to the curve. 


Let us define ^ and 7 = ^, thus we can write 
the solutions of Eq. ([5]) as 

s + 27s + oj^s = 0, (6) 

it is the differential equation of damped harmonic osci¬ 
llator. We are interested in the case oJq > 7. Therefore, 
the solution of Eq. ® for Uo = 0 is 

s = Soe~'^^ cos (wt) (7) 

where = u}g—'y‘^,T = and So is the initial position 
of the particle. 


Eigl2] shows the plot of Eq.© for three different 
initials positions Sq, si and S 2 - It is clear that the ti¬ 
me it takes to the particle to arrive the O position does 
no dependent on the initial position, showing the tauto¬ 
chrone even in presence of a damping force. 
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Eig. 2: Position vs time of the la particle in movement 
on cycloidal from t = 0 to t = 


3. Conclusions 

In this work we reported the tautochrone in the cy¬ 
cloidal pendulum in presence of a damping force using a 
simple Lagrangian analysis. These results could be used 
for the experimental physics class or as a simple experi¬ 
mental demonstration of the tautochrone with a cycloi¬ 
dal pendulum into air water, oil or other fluid. 
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